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Let DEq (G) denote the maximum diameter among all subgraphs
obtained by deleting q edges of G . Let DVp (G) denote the maximum
diameter among all subgraphs obtained by deleting p vertices of G .
We prove that DEa (G)DVa (G) + 1 for all meaningful a. We also
deﬁne mixed fault diameter DM(p,q)(G), where p vertices and q
edges are deleted at the same time. We prove that for 0 < l  a,
DEa (G)DM(a−,)(G)DVa (G) + 1, and give some examples.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In the design of large interconnection networks several factors have to be taken into account.
A usual constraint is that each processor can be connected to a limited number of other processors
and the delays in communication must not be too long. Furthermore, an interconnection network
should be fault tolerant, because practical communication networks are exposed to failures of net-
work components. Both failures of nodes and failures of connections between them happen and it
is desirable that a network is robust in the sense that a limited number of failures does not break
down the whole system. A lot of work has been done on various aspects of network fault tolerance,
see for example the survey [6] and more recent papers [9,13,15]. In particular the fault diameter with
faulty vertices which was ﬁrst studied in [11] and the edge fault diameter has been determined for
many important networks recently [8,7,12,14]. In most papers either only edge faults or only vertex
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example [9,13] consider Hamiltonian properties assuming a combination of vertex and edge faults. In
our recent work on fault diameter of Cartesian graph products and bundles [3–5,2], analogous results
were found for both fault diameter and edge fault diameter. However, the proofs for vertex and edge
faults in [3–5,2] are independent, and our effort to see how results in one case may imply the others
was not successful. A natural question remains whether it is possible to design a uniform theory that
would enable uniﬁed proofs or provide tools to translate results for one type of faults to the other.
It is therefore of interest to study general relationships between invariants under vertex and edge
faults. In this paper we deﬁne (p,q)-connectivity that generalizes both vertex- and edge-connectivity
and (p,q)-mixed fault diameter DM
(p,q)(G) that generalizes both a-vertex fault diameter DVa (G) and
a-edge fault diameter DEa (G).
We prove (Theorem 4.7) that for all meaningful values of a and ,
DEa (G)DM(a−,)(G)DVa (G) + 1.
We also give some examples showing that all bounds are tight.
2. Preliminaries
A simple graph G = (V , E) is determined by a vertex set V = V (G) and a set E = E(G) of (un-
ordered) pairs of vertices, called the set of edges. As usual, we will use the short notation uv for edge
{u, v}. For an edge e = uv we call u and v its endpoints. It is convenient to consider union of elements
of a graph, S(G) = V (G)∪ E(G). Given X ⊆ S(G) then S(G) \ X is a subset of elements of G . However,
note that in general S(G) \ X may not induce a graph. As we need notation for subgraphs with some
missing (faulty) elements, we will formally deﬁne G \ X , the subgraph of G after deletion of X , as
follows:
Deﬁnition 2.1. Let X ⊆ S(G), and X = XE ∪ XV , where XE ⊆ E(G) and XV ⊆ V (G). Then G \ X is the
subgraph of (V (G), E(G) \ XE) induced on vertex set V (G) \ XV .
A walk between x and y is a sequence of vertices and edges v0, e1, v1, e2, v2, . . . , vk−1, ek, vk
where x = v0, y = vk , and ei = vi−1vi for each i. A walk with all vertices distinct is called a path,
and the vertices v0 and vk are called the endpoints of the path. The length of a path P , denoted by
(P ), is the number of edges in P . The distance between vertices x and y, denoted by dG(x, y), is
the length of a shortest path between x and y in G . If there is no path between x and y we write
dG(x, y) = ∞. The diameter of a connected graph G , d(G), is the maximum distance between any
two vertices in G . A path P in G , deﬁned by a sequence x = v0, e1, v1, e2, v2, . . . , vk−1, ek, vk = y can
alternatively be seen as a subgraph of G with V (P ) = {v0, v1, v2, . . . , vk} and E(P ) = {e1, e2, . . . , ek}.
Note that the reverse sequence gives rise to the same subgraph. Hence we use P for a path either
from x to y or from y to x. A graph is connected if there is a path between each pair of vertices,
and is disconnected otherwise. The connectivity (or vertex-connectivity) of a connected graph G , κ(G),
is the minimum cardinality over all vertex-separating sets in G . As the complete graph Kn has no
vertex-separating sets, we deﬁne κ(Kn) = n − 1. We say that G is k-connected (or k-vertex connected)
for any 0 < k κ(G). The edge-connectivity of a connected graph G , λ(G), is the minimum cardinality
over all edge-separating sets in G . A graph G is said to be k-edge connected for any 0 < k  λ(G).
In other words, the edge-connectivity λ(G) of a connected graph G is the smallest number of edges
whose removal disconnects G , and the (vertex) connectivity κ(G) of a connected graph G (other than
a complete graph) is the smallest number of vertices whose removal disconnects G .
It is well known that (see, for example, [1, p. 224]) κ(G) λ(G) δG , where δG is smallest vertex
degree of G . Thus if a graph G is k-connected, then it is also k-edge connected. The reverse does not
hold in general. Considering the mixed fault diameters we can also deﬁne that G is (p,q)-connected if
G remains connected after removal of any p vertices and any q−1 edges or of any p−1 vertices and
any q edges. Hence (p,q)-connectivity generalizes both vertex- and edge-connectivity. In particular,
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then it is also (k − i, i)-connected for any 0  i  k. The proof is straightforward and we leave it to
the reader.
3. Edge and vertex fault diameters
Deﬁnition 3.1. Let G be a k-edge connected graph and 0 a < k. The a-edge fault diameter of G is
DEa (G) =max
{
d(G \ X) ∣∣ X ⊆ E(G), |X | = a}.
Deﬁnition 3.2. Let G be a k-connected graph and 0  a < k. The a-fault diameter (or a-vertex fault
diameter) of G is
DVa (G) =max
{
d(G \ X) ∣∣ X ⊆ V (G), |X | = a}.
Note that DEa (G) is the largest diameter among the diameters of subgraphs of G with a edges
deleted, and DVa (G) is the largest diameter over all subgraphs of G with a vertices deleted. In partic-
ular, DE0 (G) = DV0 (G) = d(G), the diameter of G . For p  κ(G) and for q  λ(G) we set DVp (G) = ∞,
DEq (G) = ∞, as some of the graphs are not vertex-connected or edge-connected, respectively.
Remark 3.3. It is easy to see that for any connected graph G the inequalities below hold.
(1) d(G) = DE0 (G)DE1 (G)DE2 (G) · · ·DEλ(G)−1(G) < ∞.
(2) d(G) = DV0 (G)DV1 (G)DV2 (G) · · ·DVκ(G)−1(G) < ∞.
In this section we will compare the edge fault diameter and the vertex fault diameter with the
same number of edges or vertices deleted.
Note that, intuitively, one may expect DEa (G)DVa (G) because deleting a vertices in a connected
graph always means that at least a edges were deleted. However, this is not the case as the examples
below show. From these examples it will also follow that the bound of Theorem 3.4 is tight.
Theorem 3.4. Let G be a k-connected graph and 0 < a < k κ(G). Then
DEa (G)DVa (G) + 1.
Proof. Let G be a k-connected graph, and let X ⊆ E(G) such that |X | = a < k. Let u, v ∈ V (G) be two
distinct vertices. We shall construct a path P from u to v in G \ X with length (P )DVa (G) + 1.
(1) We ﬁrst assume that u and v are not adjacent in G .
Let Y ∈ V (G) be any set of vertices, such that:
• |Y | a,
• u /∈ Y , v /∈ Y , and
• for each edge e ∈ X at least one of its endpoints is in Y .
As G \ Y is a subgraph of G with at most a vertices in G deleted (by Deﬁnition 3.2 and Re-
mark 3.3), we have d(G \ Y )DVa (G). Hence there is a path P from u to v in G \ Y with length
(P )DVa (G). By construction of Y , G \ Y ⊆ G \ X and therefore P ⊆ G \ X .
(2) If u and v are adjacent in G and uv /∈ X , then there is a path from u to v in G \ X of length 1.
Next we consider the case, where uv ∈ X .
Let m denote the number of edges in X , which join vertex u to another vertex in G (clearly
m a).
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As G is k-connected and a < k  κ(G)  δG , there are at least a + 1 neighbors of vertex u in G .
Therefore there are at least a+ 1−m neighbors of u, such that the edges from u to these neigh-
bors are not in X .
As m edges in X join vertex u to a vertex in G , there are at most a −m + 1 edges in X that join
vertex v to another vertex in G . Therefore, vertex v has at most a −m + 1 neighbors in G , such
that the edges from v to those neighbors are elements of the set X . One of these neighbours is
vertex u, therefore there are at most a −m neighbors of vertex v in G , different from u.
As there are more neighbors of u (with edges in E(G) \ X ) than neighbors of v (with edges in X ),
there is a neighbor w of vertex u, such that uw /∈ X and if vw ∈ E(G), then vw /∈ X .
If v and w are not adjacent in G , then by (1) there is a path Q in G \ X with length (Q ) 
DVa (G). Note that by construction in (1) u /∈ Q .
Therefore there is a path P from u to v in G \ X
P : u → w Q→ v
of length (P ) 1+ DVa (G).
If vw ∈ E(G), then Q is a path of length 1. 
We conclude the section with several examples, including
• graphs with DEa (G) = DVa (G) + 1 (Examples 3.5, 3.6 and 3.7),
• graphs with DEa (G) = DVa (G) (Example 3.8),
• graphs with DEa (G) < DVa (G) (Example 3.9).
Example 3.5. For the cycle Cn , n  3, we have κ(Cn) = λ(Cn) = 2, d(Cn) =  n2 	, and DE1 (Cn) = n − 1,
DV1 (Cn) = n − 2 (for n = 4 see Fig. 1).
Example 3.6. For the complete graph Kn,n 3, clearly κ(Kn) = λ(Kn) = n−1, d(Kn) = 1, and for each
a n − 2, DEa (Kn) = 2, and DVa (Kn) = 1.
Example 3.7. For the complete bipartite graph Km,n where m,n  2 it is easy to see that κ(G) =
λ(G) =min{m,n}, d(Km,n) = 2, and for each a < min{m,n}, DEa (Km,n) = 3, and DVa (Km,n) = 2.
Example 3.8. For the hypercube Q 3 we have κ(Q 3) = λ(Q 3) = 3, d(Q 3) = DE1 (Q 3) = DV1 (Q 3) = 3,
and DE2 (Q 3) = DV2 (Q 3) = 4. In Fig. 2 four graphs Q 3 with one or two elements missing are given.
Cases with maximal diameters are depicted.
Example 3.9. Let G be a graph obtained from graph K2C100 where the two vertices of one copy of
K2 are merged into one vertex (see Fig. 3). (K2C100 is the Cartesian product [10] of K2 and C100.)
For this graph we have κ(G) = λ(G) = 3, d(G) = 50, DE1 (G) = 51, and DV1 (G) = 99. Deleting two edges
or two vertices gives diameters DE2 (G) = 99, DV2 (G) = 100.
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Fig. 3. Graph G from Example 3.9.
4. Mixed fault diameter
Deﬁnition 4.1. Let G be a (p,q)-connected graph (0  a < p and 0  b  q) or (0  a  p and 0 
b < q). The (a,b)-mixed fault diameter of G is
DM(a,b)(G) = max
{
d(G \ X) ∣∣ X = XE ∪ XV , XE ⊆ E(G), XV ⊆ V (G), |XV | = a, |XE | = b
}
.
Note that by Deﬁnition 4.1 the endpoints of edges of set XE can be in XV . In this case we actually
get a subgraph of G with a vertices and fewer than b edges deleted, but it is not diﬃcult to see
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exactly a vertices and exactly b edges are deleted. So the condition that the endpoints of edges of set
XE are not in XV is not necessary to be included in Deﬁnition 4.1.
Remark 4.2. The mixed fault diameter DM
(p,q)(G) is the largest diameter among the diameters of all
subgraphs obtained from G by deleting q edges and p vertices, hence DM(0,0)(G) = d(G), DM(0,a)(G) =
DEa (G) and DM(a,0)(G) = DVa (G).
Lemma 4.3. Let
HVa =
{
G \ X ∣∣ X ⊆ V (G), |X | = a}
and
HEb =
{
G \ X ∣∣ X ⊆ E(G), |X | = b}.
Then
(1) max{DEb (H) | H ∈ HVa } = DM(a,b)(G),
(2) max{DVa (H) | H ∈ HEb } = DM(a,b)(G).
Proof. Clear. 
Proposition 4.4. Let G be a (p,q)-connected graph (0 a < p and 0 < b  q) or (0 a p and 0 < b < q).
Then
DM(a,b)(G)DM(a+,b−)(G),
where 0 min{b − 1, p − a}.
Proof. Let G be a (p,q)-connected graph. We will show that in any subgraph of G with a vertices
and b 
= 0 edges deleted there is a path between any two vertices of length at most DM
(a+,b−)(G) for
any 0 min{b − 1, p − a}.
Let X = XV ∪ XE , XV ⊆ V (G), XE ⊆ E(G), |XV | = a, |XE | = b 
= 0. Let u, v ∈ G \ X be two distinct
vertices and 0 min{b − 1, p − a}.
Let Y ′ ⊂ XE , where |Y ′| = , and uv /∈ Y ′ . Let YE = XE \ Y ′ . Then |YE | = b − .
For each edge from Y ′ we choose one endpoint, different from u and v . Let Y ′V ⊆ V (G) be the set
of these chosen endpoints. Then |Y ′V |  as some edges of Y ′ can have pairwise common endpoints.
Note that also some of these vertices can be in XV . Therefore |XV ∪ Y ′V | a + .
Let YV ⊂ V (G) such that |YV | = a + , XV ∪ Y ′V ⊆ YV , and u, v /∈ YV . Let H = G \ (YV ∪ YE ). Then
H is a subgraph of G with a+  vertices and b−  edges deleted and u, v ∈ H . As a+  p, b−  q,
and (a +  
= p or b −  
= q), H is connected. Therefore there is a path P between u and v in H with
length (P )DM
(a+,b−)(G). Clearly, H does not contain any vertex from XV and any edge from XE .
Therefore H ⊆ G \ (XE ∪ XV ) and hence P ⊆ G \ (XE ∪ XV ). 
Corollary 4.5. Let G be a k-connected graph, and 0 < a < k. Then
DEa (G) = DM(0,a)(G)DM(1,a−1)(G)DM(2,a−2)(G) · · ·DM(a−1,1)(G).
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Apply the proposition. 
Now we will give an upper bound for the mixed fault diameter which will give rise to the inequal-
ities involving all tree fault diameters given in Theorem 4.7.
Proposition 4.6. Let G be a k-connected graph, 0 < p + q < k. Then
DM(p,q)(G)DVp+q(G) + 1.
Proof. Let a = p + q. By Corollary 4.5 we only need to prove DM
(a−1,1)(G)DVa (G) + 1.
First we delete a − 1 vertices in a graph G . As we can do that in (|V (G)|a−1
)
ways, there are
(|V (G)|
a−1
)
different subgraphs of G with a − 1 vertices deleted. Let H = HVa−1 = {G \ X | X ⊆ V (G), |X | = a − 1}
be the family of all these subgraphs.
Each subgraph H ∈ H is at least 2-connected and by Theorem 3.4
DE1 (H)DV1 (H) + 1,
for each H ∈ H. Therefore
max
{DE1 (H)
∣∣ H ∈ H}max{DV1 (H)
∣∣ H ∈ H}+ 1.
By Lemma 4.3
max
{DE1 (H)
∣∣ H ∈ H} = DM(a−1,1)(G)
and
max
{DV1 (H)
∣∣ H ∈ H} = DM(a,0)(G) = DVa (G)
so the proof is complete. 
Summarizing Proposition 4.6 and Corollary 4.5, we can write the main result of this section.
Theorem 4.7. Let G be a k-connected graph, 0 a < k. Then
DEa (G) = DM(0,a)(G)DM(1,a−1)(G)DM(2,a−2)(G) · · ·DM(a−1,1)(G)DVa (G) + 1.
We conclude with several examples.
It is easy to see that complete graphs and complete bipartite graphs are examples of graphs with
DEa (G) = DM(p,q)(G) = DVa (G) + 1.
(This follows from Examples 3.6 and 3.7.)
If for (a + 1)-connected graph G , DEa (G) = DVa (G), then DM(p,q)(G), p + q = a, can have the same
value as DEa (G) and DVa (G), or is for 1 bigger. For instance, if G = Q 3 (see Example 3.8), then
DM(1,1)(Q 3) = DE2 (Q 3) = DV2 (Q 3) = 4. In Example 4.8, DM(p,q)(G) = DEa (G) + 1 = DVa (G) + 1.
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Fig. 5. Graph G from Example 4.9.
Example 4.8. Let W6 be a wheel graph on six vertices (Fig. 4). We have κ(W6) = λ(W6) = 3, d(W6) =
DE1 (W6) = DV1 (W6) = 2, and DE2 (W6) = DV2 (W6) = 3, DM(1,1)(W6) = 4.
There are also graphs where all tree fault diameters are different.
Example 4.9. Consider a wheel graph on seven vertices W7 (Fig. 5). For this graph, κ(W7) =
λ(W7) = 3, d(W7) = 2, DE2 (W7) = 3, DM(1,1)(W7) = 5, DV2 (W7) = 4.
References
[1] J.M. Aldous, R.J. Wilson, Graphs and Applications: An Introductory Approach, Springer, Berlin, 2000.
[2] I. Banicˇ, R. Erveš, J. Žerovnik, The edge fault-diameter of Cartesian graph bundles, European J. Combin. 30 (2009) 1054–
1061.
[3] I. Banicˇ, J. Žerovnik, Fault-diameter of Cartesian graph bundles, Inform. Process. Lett. 100 (2006) 47–51.
[4] I. Banicˇ, J. Žerovnik, Edge fault-diameter of Cartesian product of graphs, in: Lecture Notes in Comput. Sci., vol. 4474, 2007,
pp. 234–245.
[5] I. Banicˇ, J. Žerovnik, Fault-diameter of Cartesian product of graphs, Adv. in Appl. Math. 40 (2008) 98–106.
[6] J.-C. Bermond, N. Honobono, C. Peyrat, Large fault-tolerant interconnection networks, Graphs Combin. 5 (1989) 107–123.
[7] K. Day, A. Al-Ayyoub, Minimal fault diameter for highly resilient product networks, IEEE Trans. Parallel Distrib. Syst. 11
(2000) 926–930.
[8] D.Z. Du, D.F. Hsu, Y.D. Lyuu, On the diameter vulnerability of Kautz digraphs, Discrete Math. 151 (2000) 81–85.
[9] C.H. Hung, L.H. Hsu, T.Y. Sung, On the construction of combined k-fault-tolerant Hamiltonian graphs, Networks 37 (2001)
165–170.
[10] S. Klavžar, W. Imrich, Products Graphs, Structure and Recognition, Wiley, New York, 2000.
[11] M. Krishnamoorthy, B. Krishnamurty, Fault diameter of interconnection networks, Comput. Math. Appl. 13 (1987) 577–582.
[12] S.C. Liaw, G.J. Chang, F. Cao, D.F. Hsu, Fault-tolerant routing in circulant networks and cycle preﬁx networks, Ann. Comb. 2
(1998) 165–172.
[13] C.M. Sun, C.N. Hung, H.M. Huang, L.H. Hsu, Y.D. Jou, Hamiltonian laceability of faulty hypercubes, J. Interconnection Net-
works 8 (2007) 133–145.
[14] M. Xu, J.-M. Xu, X.-M. Hou, Fault diameter of Cartesian product graphs, Inform. Process. Lett. 93 (2005) 245–248.
[15] J.H. Yin, J.S. Li, G.L. Chen, C. Zhong, On the fault-tolerant diameter and wide diameter of ω-connected graphs, Networks 45
(2005) 88–94.
